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Abstract
This paper is concerned with how free-stream vortical disturbances (FSVD) enter the boundary layer, a process which we refer
to as entrainment. A self-consistent description of this physical process is presented, which shows that the non-parallel-ﬂow eﬀect
plays a leading-order role even for disturbances with short wavelength comparable with the boundary-layer thickness or shorter.
The entrained disturbances are thus drastically diﬀerent from continuous modes of Orr-Sommerfeld/Squire equations, which ne-
glect non-parallelism at outset. Indeed neglecting non-parallelism is found to cause several nonphysical features of continuous
modes, including ‘Fourier entanglement’, abnormal anisotropy of FSVD, and for compressible boundary layers, entanglement of
vortical and entropy modes. Eigenfunctions of continuous modes and their superpositions have been used to specify the inlet con-
ditions in direct numerical simulations of bypass transition and boundary-layer receptivity. The ﬁndings of present study indicate
that this popular practice is inappropriate, and a remedy is suggested.
c© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction
Free-stream turbulence (FST) plays a crucial role in laminar-turbulent transition in boundary layers. In the presence
of low-level FST, ampliﬁcation of T-S waves, which correspond to discrete modes of the O-S equation, leads to
natural transition. in which case FST inﬂuences transition through receptivity. If FST level exceeds a critical value
about 1%, low-frequency streaks appear in the boundary layer, and they break down via secondary instability causing
bypass transition. The location of both natural and bypass transitions depends on the intensity (and possibly other
characteristics) of free-stream turbulence (FST), and predicting such dependence is the ultimate goal of transition
research. Clearly, characterizing how FST enters the boundary layer is a crucial ﬁrst step.
∗ Corresponding author. Tel.: +44-207-594-8517; fax: +44-207-594-8517.
E-mail address: x.wu@ic.ac.uk
 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Selection and peer-review under responsibility of ABCM (Brazilian Society of Mechanical Sciences and Engineering)
 Ming Dong and Xuesong Wu /  Procedia IUTAM  14 ( 2015 )  96 – 104 97
Small-amplitude FST can be represented as a supposition of acoustic, vortical and entropy modes 5. The latter two
represent weak vorticity/‘hot spot’ being advected by the background ﬂow. Since they satisfy the same dispersion
relation as the vortical/entropy branches of continuous spectra of O-S and Squire equations, a long held view was
that the eigenfunctions of these continuous modes represent the distribution of the disturbances entrained into the
boundary layer 2. Based on this premise, Jacobs & Durbin 4 suggested that the inlet condition for direct numerical
simulations of bypass transition can be speciﬁed in terms of a superposition of continuous spectra. This method has
been followed in number of subsequent studies of bypass transition and receptivity problems.
On other hand, a number of investigator have analysed in detail the impact of free-stream vortical disturbances
(FSVD) on the boundary layer. Gulyaev et al. 3 ﬁrst considered FSVD with a characteristic streamwise wavelength
being comparable with the spanwise wavelength, Λ say. Leib et al. 6 considered FSVD whose streamwise wave-
length is long, of O(ΛRΛ) (where RΛ is the Reynolds number based on Λ). The induced motion acquires an O(RΛ)
streamwise velocity, and therefore manifests as streaks. This theory was extended by Ricco & Wu 7 to compress-
ible boundary layers. In all these analyses, non-parallelism plays a leading-order role, which is expected since the
streamwise wavelength of the perturbation is comparable with the length scale of the underlying base ﬂow.
Recently, Dong & Wu 1 considered FSVD with wavelength comparable with the local boundary-layer thickness.
Interestingly, even for such relatively short wavelength non-parallelism appears at leading order in the edge layer,
which is located at the outer edge of the boundary layer, and controls the entrainment process. Dong & Wu (2013) also
revisited continuous spectra of O-S and Squire equations, and noted two peculiar features: ‘entanglement of Fourier
components’ and ‘abnormal anisotropy’. The ﬁrst refers to that the eigenfunction of a continuous mode consists of
two components with wall-normal wavenumbers ±k2, with the ratio of their respective amplitudes being ﬁxed by the
boundary layer, while the second refers to that for low-frequency modes, the boundary layer forces the streamwise
velocity in the free stream to be much greater than the transverse velocities. Both features are non-physical because
the spectral composition of FSVD should be determined by the conditions upstream rather than by the boundary layer
underneath, and both are caused by ignoring non-parallelism.
In this study, we extend the analysis of Dong & Wu (2013) to compressible boundary layers, and consider FSVD
with wavelength comparable with the width of the edge layer. This scaling turns out to be more general in that the
results in the previous paper can be recovered in an appropriate limit.
2. Formulation
2.1. The Base Flow and Perturbations
We consider the compressible boundary layer past a semi-inﬁnite plate. The usual Cartesian coordinates (x, y, z),
normalized by a characteristic boundary-layer thickness δ∗, are used. The free-stream velocity U∞ and δ∗/U∞ will be
taken as the reference speed and time respectively. We deﬁne the Reynolds number and Mach number
R = U∞δ∗/ν∗, M = U∞/a∞, (1)
with ν∗ being the kinematic viscosity of the ﬂuid and a∞ being the speed of sound in the free stream. The ﬂuid is
assumed to be a perfect gas with a ratio of speciﬁc heats γ.
The velocity ﬁeld, pressure, temperature and density of the base ﬂow may be written as
(UB, , PB, TB,RB) =
(
U(x¯, y),R−1V(x¯, y), 0, 1/(γM2), T, 1/T
)
, (2)
The base ﬂow evolves on the slow streamwise variable x¯ = x/R, and its solution can be written in terms of the
similarity variable
η = (2x¯)−1/2
∫ y
0
T−1dy. (3)
The base ﬂow is perturbed by a disturbance of the travelling-wave form,
(u˜, v˜, w˜, p˜, θ˜, ρ˜) = 
(
u(x¯, y), v(x¯, y),w(x¯, y), p(x¯, y), θ(x¯, y), ρ(x¯, y)
)
ei(k1 x+k3z−ωt) +c.c. (  1),
where the functions (u(x¯, y), v(x¯, y) and etc. satisfy the linearized compressible N-S equations, which are not written
out for brevity. It suﬃces to mention that non-parallelism is included fully.
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Fig. 1. The ratio |B/A| versus k3 for k2 = π/2, R = 500 and ω = 0.01, 0.4.
2.2. Continuous Modes
When the terms representing the nonparallel-ﬂow eﬀects are ignored, the linearized N-S equations simplify, and
can be recast into a system of ﬁrst-order equations
dψ/dy + D(y)ψ = 0 (4)
for a vector of dimensional eight,
ψ(y) = (uˆ, ∂uˆ/∂y, vˆ, pˆ, θˆ, ∂θˆ/∂y, wˆ, ∂wˆ/∂y)T,
where D is an 8 × 8 matrix. The system (4) is subject to four lower boundary conditions
uˆ(0) = vˆ(0) = wˆ(0) = θˆ(0) = 0, (5)
and four upper boundary conditions of the form
ψ→
8∑
j=1
A jb( j) eλ jy as y→ ∞, (6)
where λ j and b( j) denote the eigen-value and eigenvector of D in (4), respectively, and the constant A j represents the
amplitude of the component with eigenvalue λ j. Among the eight eigenvalues, (λ8) > 0 so that we set A8 = 0,
(λ j, A j) ( j = 1, 2, 3, 4) represent the streamwise and spanwise vorticity modes with wavenumber ±k2, and (λ j, A j)
( j = 5, 6) represent entropy modes with wavenumber ±σk2, where σ = [Pr k22 + (Pr − 1)(ω2 + k23)]1/2 with Pr being the
Prandtl number. Three of the remaining seven constants A j can be speciﬁed while the rest are calculated as part of the
solution to the resulting boundary-layer problem, which is solved by a ﬁnite-diﬀerence method.
In the incompressible limit, the system reduces to the O-S system
{
(D2 − k21 − k23)2 − ik1R
[
(U − ω/k1)(D2 − k21 − k23) − U ′′(y)
]}
v = 0, (7)
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Fig. 2. The proﬁles of ur and wr , real parts of the streamwise and spanwise velocities of the continuous modes for R = 500, ω = 0.01 and
k2 = k3 = π/2 and diﬀerent (E, F). Solid lines: E = (0, 0) and F = (13.77, 31.07); dashed lines: E = (−290.60, 387.78) and F = (0, 0); dash-dotted
lines: E = (0, 100) and (7.65, 27.65); dotted lines: E = (−41.82, 248.41) and F = (0, 20).
v(0) = v′(0) = 0,
v→A e−ik2y +B eik2y as y→ ∞,
⎫⎪⎪⎬⎪⎪⎭ (8)
and the Squire equation for Ω = ik3u − ik1w,
{
ik1(U − ω/k1) − (D2 − k21 − k23)/R
}
Ω = −ik3U ′(y)v, (9)
Ω(0) = 0, Ω(y)→ E e−ik2y +F eik2y as y→ ∞. (10)
In the above, constants A and E represent the amplitude of Fourier component (ω,−k2, k3), and B and F the amplitude
of Fourier component (ω, k2, k3).
Fig.1 shows the ratio |B/A| of the amplitudes. For a given set of parameter values, (ω, k2, k3,R), the ratio is dictated
by the boundary layer, indicating that two components, (ω,−k2, k3) and (ω, k2, k3), must be present simultaneously, or
’entangled’ due to the presence of the wall. This ‘entanglement of Fourier components’ is at odds with the physical na-
ture of FSVD because Fourier components in the latter should be determined by the upstream conditions, independent
of the wall.
Similarly, E and F are not independent. This can be shown by considering the solvability condition for the inho-
mogeneous boundary-value problem (9) with (10). Such a condition arises as the homogeneous version of (9) has
non-zero solutions, and may be expressed in terms of χ, which is deﬁned as the solution to
Lsχ = 0, (11)
satisfying the boundary conditions
χ(0) = 0, χ(y) = β e−ik2y + eik2y as y→ ∞, (12)
where the unity coeﬃcient of eik2y amounts to normalization, and β is a constant that makes the solution satisfy
χ(0) = 0. Multiplying (9) by χ, integrating from 0 to∞, and performing integration by parts on the left-hand side, we
obtain the solvability condition
E − βF = Q, (13)
imposing a constraint on E and F, where
Q = − 12 (k3/k2)R
∫ ∞
0
U ′(y)χv dy. (14)
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Fig. 3. The proﬁles of continuous modes for the case where entropy components are absent (i.e. A5 = A6 = 0). Solid lines: real parts; dashed lines:
imaginary parts. The parameters are M = 4.5, R = 4000, k1 = 0.1 and k2 = k3 = 3.14.
Fig.2 shows the proﬁles of u and w for a low frequency ω = 0.01 and diﬀerent E or F. The u-component turns out
to have a very large amplitude in the free stream. The reason for this rather surprising behaviour can be understood
by considering the solvability condition (13). When ω = O(R−1), the eigenfunctions of both O-S and Squire modes, v
and χ, penetrate into the main boundary layer so that the integral in Q is of O(1) and Q = O(R) (see (14)). Thus due to
the constraint (13), E and/or F must be of O(R). It follows that w remains of O(1), but u = O(R), that is, disturbances
in the free stream exhibit ‘abnormal anisotropy’, which is imposed upon purely by the presence of the boundary layer,
and is thus another non-physical feature of continuous modes.
Similar ‘abnormal anisotropy’ and ’entanglement of Fourier components’ arise in compressible boundary layer, as
is shown in Fig.3, where entropy modes (temperature ﬂuctuations) are assumed to be absent in the free stream.
Fig.4 shows the velocity and temperature proﬁles of the continuous mode, calculated for the case A3 = A4 = 0, i.e.
only streamwise vorticity component is present and speciﬁed. The temperature perturbation is allowed to be present
in the free stream, its amplitude is found as part of solution and hence is dictated by that of the vorticity, implying
that vortical and entropy modes are entangled again due to the presence of the boundary layer. Extraordinarily, the
amplitude of the temperature ﬂuctuation is extremely large. Clearly, this feature, which we refer to as ‘entanglement
of vortical and entropy modes’, is non-physical, and arises due to neglecting non-parallelism.
2.3. Entrainment Analysis
It is convenient to specify a free-stream disturbance in terms of its normal velocity v and wall-normal vorticity
Ω = ik3u − ik1w, which can be expressed as:
Ω = ik3u − ik1w. (15)
 Ming Dong and Xuesong Wu /  Procedia IUTAM  14 ( 2015 )  96 – 104 101
0 2 4 6 8-1
-0.5
0
0.5
1
η
vˆ
0 2 4 6 8-1
-0.5
0
0.5
1
η
wˆ
0 2 4 6 8-20
-15
-10
-5
0
5
10
15
20
η
uˆ
0 2 4 6 8-800
-600
-400
-200
0
200
400
600
800
η
θˆ
Fig. 4. The proﬁles of continuous modes with A3 = A4 = 0 in the upper boundary condition. Solid lines: real parts; dashed lines: imaginary parts.
The parameters are M = 4.5, R = 4000, k1 = 0.1 and k2 = k3 = 3.14.
In the ‘free stream’ (1  y  R), where the base ﬂow is uniform to leading order, the solution for v and Ω can be
expressed as
v = e−ik2y +C(x¯) e−k¯y, Ω = E e−ik2y, (16)
where k1 is related to ω via the dispersion relation
ω = k1 − i(k21 + k22 + k23)/R. (17)
The key region controlling the entrainment is the edge layer, which is centred at ηd = η0 + β and its width δ = η−10 ,
with η0 being determined by the equation (cf. Dong & Wu 2013)
η30 e
η20/2 = 2aˆx¯ωR, (18)
The local transverse variable ηˆ is introduced via the relation
η = ηd + δηˆ. (19)
We consider the generic scaling k j = O(1/δ) ( j = 1, 2, 3), and let
(k˜1, k˜2, k˜3) = δ
√
2(k1, k2, k3), ω˜ = δω, ω1 = −i(k˜21 + k˜22 + k˜23). (20)
In the edge layer, the solution expands as
(u, v,w, p, θ) =
(
uˆ, vˆ, wˆ, pˆ/(δR), exp{ 12 (1 − Pr)η20}θˆ
)
exp{−ik˜2
√
x¯/δ2}. (21)
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Fig. 5. Proﬁles of uˆr and wˆr , real parts of the streamwise and spanwise velocities of the entrained disturbance in the edge layer. The frequency
ω = 0.01, k2 = k3 = π/2 and R = 200 (solid lines), 500 (dashed lines), and 1000 (dash-dotted lines).
The normal velocity vˆ, the vorticity Ωˆ, and the temperature θˆ are found be to satisfy the equations
{[
(Dˆ2 − k˜21 − k˜23) + i(e−ηˆ +ω1 + k˜2) + Dˆ
]
(Dˆ2 − k˜21 − k˜23) − i e−ηˆ
}
vˆ = 0, (22)
(Dˆ2 − k˜21 − k˜23)Ωˆ + DˆΩˆ + i(e−ηˆ +ω1 + k˜2)Ωˆ = ik˜3/(ω˜
√
2x¯) e−ηˆ vˆ, (23)
Pr−1(Dˆ2 − k˜21 − k˜23)θˆ + Dˆθˆ + i(e−ηˆ +ω1 + k˜2)θˆ = (bˆ/aˆ)(ω˜
√
2x¯)−1 e−Prηˆ vˆ, (24)
where Dˆ = ∂ηˆ. It should be emphasised that non-parallelism contributes D(D2 − k˜21 − k˜3)2, and is a leading-order
eﬀect. Appropriate boundary conditions are provided by matching with the solution in the free stream and in the main
layer, where a WKB form of solution can be constructed. We ﬁnd that for vˆ
vˆ→ e−ik˜2 x¯1/2ηˆ +B e(−1+ik˜2)
√
x¯ηˆ +Cˆ(x¯) e−k˜ x¯1/2ηˆ as ηˆ→ ∞, (25)
vˆ→ c0 e3ηˆ/4 exp{2i3/2 e−ηˆ/2} as ηˆ→ −∞. (26)
Similar boundary conditions can be derived for Ωˆ and θˆ. It is worth pointing out that the presence of the second
term in (25) is entirely due to the additional term D(D2 − k˜21 − k˜3)2 contributed by non-parallelism. As a result, the
entanglements of Fourier components and vortical/entropy modes, and abnormal anisotropy all disappear.
Using the edge-layer solution and the WKB solution in the main deck, a composite solution valid in the entire
boundary layer can be constructed.
The present analysis is performed for k j = O(δ−1), it turns out to remain valid for k2, k2 = O(1) and R−1  k1 =
ω  1 (i.e. relatively low-frequency disturbances), which was considered in Dong & Wu 1. The present scaling is
more general in the sense that setting k˜k = 0 and ω1 = 0 in (22)-(24) recovers the equations in Dong & Wu 1. Fig.5
shows the proﬁles of uˆ and wˆ for ω = 0.01. Vortical disturbances are trapped in, or absorbed by, the edge layer.
For small ω, the streamwise velocity acquires a much larger amplitude in the edge layer, that is, the latter acts as an
ampliﬁer of low-frequency disturbances.
The proﬁles of uˆ, vˆ and θˆ of entrained disturbances are computed by solving (22)-(24) with the appropriately
imposed boundary conditions for a M = 4.5 boundary layer. The results are displayed in the left column of Fig.6. The
streamwise velocity uˆ and temperature θˆ are much ampliﬁed in the edge layer, signifying formation of velocity and
thermal streaks. They both are trapped in the edge layer. As a contrast, the proﬁles of continuous modes are displayed
in the right column of the ﬁgure, and they suﬀer from nonphysical features of abnormal anisotropy, entanglements
of vortical/entropy modes and Fourier components. The true entrained disturbance, for which non-parallelism is a
leading-order eﬀect, exhibits none of these at all.
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Fig. 6. The proﬁles of entrained disturbances (left column) and continuous modes (right column) for M = 4.5, R = 4000, k1 = 0.1, k2 = k3 = 3.14.
Solid lines: real parts, dashed lines: imaginary parts.
3. Conclusions
The entrainment of FSVD with short wavelengths comparable with the edge-layer width is analysed. It is found
that non-parallelism plays a leading order role. Continuous modes neglect the non-parallel-ﬂow eﬀects entirely, and
exhibit non-physical features, which include in the case of compressible boundary layers, entanglement of vortical
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and entropy modes. Their eigenfunctions do not characterize the distribution of the entrained disturbance, and cannot
be used in specifying the inlet condition for DNS of bypass transition or receptivity.
Appropriate inlet conditions may be constructed as follows. For very low-frequency components with ω = O(R−1),
use the approach of boundary-region equations as presented in Leib et al. 6 and Ricco & Wu 7; starting with appropri-
ately speciﬁed initial conditions near the leading edge, the perturbation in the boundary layer may be followed up to
the location of the inlet. For each of other components (ω  R−1), the solution constructed in this paper can be used
instead.
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